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Computational modelling from first principles

*The developement and use of mathematical models for describing and
predicting certain properties of materials at a quantitative level

* ‘Ab initio’ or ‘from first principles’ refers to a bottom-up modelling strategy in
which we do not use any empirical parameters

* Such kind of calculations are completely based on quantum mechanics, that can
be considered as an engineering tool

* The complexity of such problems require the use of supercomputers

* This is a discipline at the boundary between materials science, physics and
chemistry on the one side, and applied mathematics and software engineering
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Density Functional Theory (DFT)

DFT is a very effective technique for studying molecules,
nanostructures, solids, surfaces and interfaces by directly solving

approximate versions of the Schrédinger equation
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Popularity of Density Functional Theory (DFT)

* Transferability: same technique for describing different classes
of materials

* Simplicity: based on simply and intuitive equations

* Realiability: possibility of making direct and quantitative
comparison with experiments

* Software sharing: online platforms and adoption of open-source
software model

* Reasonable starting point: even when it fails in describing
correctly a property, it respresent an accurate starting point for
more accurate theory (more computationally demanding)
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Many-body Schrédinger equation

Knowledge of the wave function

r = ruy + yuy + zu, — V(r)

Time-independent Schrédinger equation

(kinetic energy + potential energy)V = EWV

Probability of finding a particleinr

W(r)f



Many-body Schrédinger equation



Many-body Schrédinger equation

One electron case

Vi(r)

U(r) = EU(r)
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Many-body Schrédinger equation

One electron case

- _
P
-V U(r)=LEWV
o V()| W) = B
. 0 0 0
p = —thV, V:uxale | uyay | .-

What does happen if we add more electrons?
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Many-body Schrédinger equation
In the case of N electrons and M nuclei:

b = \If(’l“l, T2, ..., TN, Rl, RQ, cens RM)

The probability of finding one electron at r:
2
W (r ,ry,....rn; Ri, Ro, ..., Rar)|

The electron density is then:
TL(’I") — f ‘\IJ(’F, T2, ..., TN, R1, RQ, cees RM)‘Q d?“g...d?“Nde...dRM

and /n(fr')dr =N
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Many-body Schrédinger equation

(kinetic energy + potential energy)V = E; ;¥

N M

h? h?
kineti = - -y ——V;
(kinetic energy) Qmevz ' QMIVI

1=1 1=1

Example of Laplace operator for particle 1:
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Many-body Schrédinger equation

(potential enerqgy)e. =

(potential enerqgy),, =

1 e’ 1
52471'60‘7“@—?“]"

17

12 62 Z]ZJ
2 5 dmeg|R;r — Ry



Many-body Schrédinger equation
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Kinetic energy of nuclei Kinetic energy of electrons
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Many-body Schrédinger equation in atomic units
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The many body electronic structure problem

N, electrons
N, nuclei

Schrédinger equation for interacting particles

HU({R},{r}) = EV({R} ,{r})
H = T,{R}) + Viu{RY) + T.({r}) +

EEEEEEEEEE + Voo ({r}) + Ua({R}  {r})
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Some comments

* The many body electronic structure problem is exactly
solvable for two particles (analytically) and very few
particles (numerically)

* The exact solution is immensely complicated, but also
rather useless

* How to deal with N ~ 10?3 particles?

* In the case of solids and molecules, we can find some
useful approximations
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Useful approximations

* Clamped nuclei approximation
* Independent electrons approximation

* Mean-field approximation
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Clamped nuclei approximation

* In the case of solids or molecules adsorbed on surfaces the nuclei
typically remain at certain positions

* We can consider that the nuclei are so heavy that in practice they
cannot move

* We can neglect the kinetic energy of the nuclei and their
Coulomb repulsion becomes simply a constant
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Clamped nuclei approximation

The wave function can be now considered as a function
of only electronic coordinates while ignoring the
dependence on nuclear coordinates

Coulomb potential of nuclei experienced by electrons

Fundamental equation of electronic structure theory

—Z v%Zv ri) + = Z\r—m V= E
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Further simplifications

Many-electron Hamiltonian

H(ry,...,r ):_Z_+ZV (13) + = Z\fr’@—frﬂ

7]

Single-electron Hamiltonian

~ 1
Hy(r) = —§V2 + V,(r)

Many-electron Hamiltonian rewritten°

j‘\](’l“l,.. ZH()’I“@ + = Z‘T‘—T‘J‘
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Independentelectrons approximation

The first drastic approximation that we can consider
consists in neglecting the coulomb repulsion between electrons

Y Ho(r)V = BV
The wave function can be written as:
U(ry, re, ..y ) = P1(r1)... Py (r1)
ﬁo(?“)q)@'(’f’) = E@CI)?;(?”)
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Some comments

* The independent electrons approximation carries two
important drawbacks

* [t does not obey to the Pauli exclusion principle, which
requires that the function changes sign whenever we
exchange two electrons, i.e. if we swap r, and r,

* The Coulomb interaction between electrons is of the
same order of the other terms and cannot be neglected

e How can we take into account these effects?

NNNNNNNNN
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Exclusion Principle

The many-body wave function must change sign
if we exchange the variables of any of the two electrons

If we have two particles a wave function
that satisfies this requirement is defined as follows:

(1, ) = % D1(r1)Palra) — Py (r) o)
Slater o L (1)1(7‘1) (I)l(T?)
Determinant \Ij(rﬁ’ TQ) o \/§ @2(7’1) @2(?“2)

For N electrons we have: n(’f’) — Z ‘CD?;(T)‘Q

IIIIIIIIII
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* Many-body Schrodinger equation

e Mean field approximation
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Mean-field approximation

Our objective is to keep an independent particle description
by retaining the Coulomb repulsion between electrons

Poisson Equation VQCb(’)”) — 47'('77/(7”)

VVy(r) = —4mn(r)

Hartree Potential n ( 7°, )
Vi (r) = / ar’

=

tttttttttt
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Mean-field approximation

dr’

~

dQ = —n(r")dr' dQ/ r —r'
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Mean-field approximation

dr’

~

dQ = —n(r")dr'
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Mean-field approximation: Hartree Equations
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Mean-field approximation: Hartree Equations

—%VQ + Vo(r) + Vu(r)| ¢i(r) = €¢i(r)

n(r) =3 |gu(r) ||

(

VVu(r) = —4mn(r)

V, is the average potential experienced by each electron
This approach is a ‘self consistent method’

EEEEEEEEEE
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Some comments

* The differential equation in 3N dimensions of the
many-body problem has been replaced by N three-
dimensional equations

* This approach has to done numerically, but it is feasible
in terms of computer memory

* The mean-field approximation would be very good if
the electrons were classical particles

* This approach is still not very accurate for the study of
materials at the atomic scale

NNNNNNNNN
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Introductionto Hartree-Fock equations

* Electrons do interact, but this interaction maybe can be
considered not too strong

* One can still look for a solution in terms of a Slater
determinant

* Which is the form of the single-particle wave functions?

To find the answer we have to apply
the variational principle to our system

E = d’l”l...d’l“N\If*f:]\If
NNNNNNNNN E =<V H v >
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Variational Principle

What we have to do is to minimize E with respect
to variations of the functions ¢;(r) in the Slater determinant
and require these functions be orthonormal:

OF
0¢;

dro; (r)o;(r) = 0

= ()

NNNNNNNNN
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Hartree-Fock equations

[_%V2 + Va(r) + Vir(r) | ¢i(r) + /drl‘/:c(ra r)eilr') = eidilr)

n(r) =Y [oilr) [

VVy(r) = —4rn(r)



Hartree-Fock equations

{—%W + Vo, (r) + Vi(r)

(1)
n(r) =Y [oilr) [

VVy(r) = —4rn(r)

Fock exchange N
potential Vilr,r) = Z

]

UNIVERSITE
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Some comments

* Thanks to the Hartree-Fock equations we moved from
‘classical’ electrons in the mean field approximation to
‘quantum’ electrons

* This refinement introduces the non-local potential
V,(r,r’) in the single particle equations. This complicates
enormously the practical solution

* The potential V, derives from Pauli’s exclusion principle
and prevents two electrons from occupying the same
quantum state

NNNNNNNNN
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What is missing?

* We have eliminated the Coulomb interaction between electrons
and transformed the 3N dimensional many-body Schrédinger
equation into N three-dimensional equations

* We have re-introduced the Coulomb repulsion between electrons
using classical electrostatics, while assuming independent electrons

* We have added the exchange interaction in order to take into
account the quantum nature of electrons

*The only remaining element left out of the picture is the
correlation between electrons

WWWWWWW
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Electronic correlation

* Due to the Coulomb repulsion, the probability of finding
an electron somewhere will decrease if there is another
electron nearby

* This means that‘ \If(7"197°2) ‘2 < ‘ ¢1(T1)¢2(?"2) ‘2

* To take into account also this effect, we can add another
component to the single-particle potential V,+V,+V,

* We will call this additional term V.
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Electronic correlation



Electronic correlation

XC Hole

Electron
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Kohn-Sham Equations
1
—§v2 + Vo (r) 4+ Vi(r) + Vi (r) + Vo(r) | ¢i(r) = €;4(r)

* We have introduced V.
* We have simplified V,, making it to depend only onr

* We still do not know the exact form of V, and V,, but
convenient and accurate approximations have been done
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Outline

* Many-body Schrodinger equation

e Mean field approximation
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Outline

e Density Functional Theory
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W. Kohn
Nobel Prize in
[ Chemistryin 1998

Density Functional Theory (DFT)

It can map, exactly, the interacting problem to a non-interacting one

p(r)
—

interacting particles ina a set of non-interacting electrons
real external potential (with the same density as the
interacting system) in some

effective potential
SPARIS
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Total energy of the electronic ground state

E=<V | j‘\[ | U > = /drl...drN\If*(rl, ...,TN)ﬁ\IJ(Tl, ...,TN)

ﬁ(Tl,...,TN) Z ZV T’Z + = Z‘TZ—T”

7]
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Density Functional Theory concept

* The core concept of DFT is the observation that, if E is
the lowest possible energy of the system, i.e. the energy
of the ground state, then E is a functional of the
electron density only:

E = F|n|

* This observation is quite remarkable because the
electron density is function of only three coordinates
and it is not complicated as the wave function

* All we need for calculating the energy of the system is
the electron density n

NNNNNNNNN
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Hohenberg-Kohntheorem

In the ground state the electron density determines uniquely the
external potential of the nuclei: 7 — V},

In any quantum state the external potential V,, determines
uniquely the many-body electron wavefunction: V,, — W

In any quantum state the total energy, E, is a functional of the
many-body wavefunction: V — F

n—V, >V¥—>F

UUUUU E = F|n]
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Hohenberg-Kohntheorem

E=<T|Y Vi(r) | T>+<U|[T+W|U>

E:/drn(T)Vn(T)+<\If\T\+W\\If>
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The Kohn-Sham idea

* The first term in the functional is already explicit dependent on the
density, n

* There are two terms in which the dependence on the energy is not
implicit

* The idea of Kohn and Sham was to split these implicit terms into the
kinetic and Coulomb energy of independent electrons plus an extra
term which account for the difference:

Total energy in the independent electrons approximation

\

EF[n]/drn Z/dm VQ@ //drdr |T_T,| \ E,.[n]

/

| | |
External Kinetic Hartree XC
Potential Energy Energy Energy
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The Kohn-Sham idea: energy decomposition



S

The Kohn-Sham idea: energy decomposition

n-electron System One-electron System
Interacting Non-interacting

E kin(non) +U eff

: :

Exact p (r), Exact E T} S Exact p (r), Exact E

E kin T u
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The Kohn-Sham idea: energy decomposition

E
kin(int
Ekin(nan) % it Ekin(ﬁon)

(a) n-electron (b) Energy (c) Fictitious
HF System Decomposition one-electron System

< UNIVERSITE
St 42



The Kohn-Sham idea: the He atom



The Kohn-Sham idea: the He atom

53.02%

16.09%

8.38%

22.51%
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How can we determine the ground state density?

6 F'n]
on
KOHN-SHAM equations

‘?’LOZO

-—%Vz + Vo(r) + Vu(r) + Vie(r) | ¢i(r) = €¢i(r)




W
3

How can we determine the ground state density?

6 F'n]
on

‘?’LOZO

KOHN-SHAM equations

_—%W F V(1) + Vit (r) H Vielr)

0B /

Vazc(r) T sn |n(fr)
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Some comments on DFT

* The Kohn-Sham theory can be regarded as the formal
exactification of Hartree theory

* We know that there must be a functional E, [n] which
gives the exact ground state energy and density

* We do not know what this functional is, but we can
build some accurate approximations

*One of the simplest one is the local density
approximation (LDA)
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Putting DFT theory in practice: self consistency
| :
_§V2 + Vier(r) | ¢i(r) = €i(r)
Viet(1) = Vi(r) + VH(?") + Vie(T)

Z ‘T—RI‘

VVy(r) = —4nn(r)

5E.CUC[ ]

Z\@

Vielr) =

(7)
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21
Vn(T) - = z[: ‘7“ — R[‘

Initial guess for
electron density

\
—477'71(7“) %c(r) _ 5Exc[n] (7“)

{
VQVH(T) =




Putting DFT theory in practice: self consistency

21
Vn(T) — _; ‘7“ — RI‘

Initial guess for
electron density

\
(
V2VH(T) \: —47771(7“) V;cc(r> _ (SEIC[’I’L] (7“)
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Putting DFT theory in practice: self consistency

21
Vn(T) — _; ‘7“ — RI‘

Initial guess for
electron density

\
—477'71(7“) %c(r) _ 5Exc[n] (7“)

<1
=
=




Putting DFT theory in practice: self consistency
Z ‘7“ — R[‘

Initial guess for
electron density

NO

New density = old density
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Calculations of materials properties with DFT

Good accuracy

* Equilibrium structures

* Vibrational properties and vibrational spectra

* Binding energies of molecules and cohesive energies of solids
* lonization potential and electron affinity of molecules

* Band structures of metals and semiconductors

Failures

* Electronic band gaps of semiconductors and insulators

* Magnetic properties of Mott-Hubbard insulators (systems with
localized d and f orbitals)

* Systems where van der Waals forces are important, e.g. proteins

S PARIS 4 8
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DFT software packages

s|esta

SIESTA code
http://icmab.es/siesta VASP code

ackage

ienna imulation

http://www.vasp.at

QUANTUMESPRESSO

Quantum espresso code
S PARIS WWW.quantum-espresso.org
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